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SCIENTIFIC SOCIETY 


A unified study of inversion of 
an integral equation with the I - 
function of two variables as its 


kernel 


Yashwant Singh’, Laxmi Joshi? 


ABSTRACT 


The object of this paper is to solve an integral equation of convolution from 
having the / -function of two variables as its kernel. Some special cases are also 
given in the end. 


Keywords: Laplace Transform; Lerch’s Theorem; I -function. (2000 Mathematics 
Subject Classification: 33C99) 


1. INTRODUCTION 


1.1. Definition and results 
The Laplace Transform 


F(p)=[e" f(Odt, Re(p) > 0 (1 


Is represented by F(p) = L{ f (t)}. 
Erdelyi (1954), 


if F(p) = L{ f (t)} then 
e“fQ)=F(pta). (2) 


If L{ f(t)} = F(p), FO) =f (0) =... = f""(0) =(Qand f"(f) is continuous 


then 
L{f"O}= p"F(p). (3) 


it L{ f,(O} = F(p) and L{ f,(1)} = F,(p), then 
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[ AWA -u)du = F(p)F,(p) () 
0 


The J -function introduced by Saxena (1982) will be represented and defined as follows: 


IZ\= 1%" [Z|=1"",, [z 


Pid 


(4;.4; Mian Mj ji net p ae 1 5 

(Bem je Bia nvr | = ee } US)dé (5) 
L 

where @ = V¥—1 


Tr, =f) Tn =8,;+@4) 


w= - 6) 
>| Il Pd-8; ~B,) MW Peaya,)| 
ial J=m+ =n+ 


CAG =1,...,r),m,n are integers satisfying O<n< p,, OSm<q,,7=L...,1r), ris finite A,» Bj. Ay» By are real and 


a,b, Gi» b, are complex numbers such that 


a,(b, +v) # B, (a, —v—&) forv,k = 01,2... 
We shall use the following notations: 
B- (b,, Edis ys Bway The following results are used in the sequel: 


* 
A = G,, Ay gly, ax) 


ntlp;? 
hyl, —k | (—-v,1),0+h,k —1-h ky- 
Tg arog hap eae Ey) ) 


Provided that Rei p) > 0,2 > k >0,Re(1+h+ kv) > 0,| arg zp* |< se -k) 


A Jf 
lie E (l- x)" 


A*®* 
on | dx = 


1 

| B-l ym, A 
x" (l-x) rm | ax 
0 


pOrOmentk ghd [ Z 


(l-@,A), A**,A*** 
0,ip,;+1,g;+1l:ircu,+1,v,+bhr | Zz 


(-a=6,/,u),B*, Bee 


(8) 


Where 


J 


d. 
Re(@) > 0,Re(B) > 0,4, u von a2 >0, 


J 


Re poate) =1,2,..m;k =1,2,..., 2) 


1 1 
| arg z, |< yl arg z, |< aA Ay > 0 where 
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j=l j=m+1 j=l j=n+l 
And 
g Yi h Uj 
A, =>) F,- Hat B=) Ei 
j=l j=gtl j=l j=hAtl 


A S(e0, Vgrl€ Ga) BY =(d,, Di)im(d D 


je vii atlpy? ji? i) nth, 


A” =(¢,Ei) (e Cn = (fF dio Fi fa) ats 


The J -function of two variables introduced by Prasad (1986) will be represented and defined as follows: 


0,my(m'.n'):(m',n') 
Iz,,z,]=1 aE 7 


Pr o(D 4)?" 


(a) j:0"5 j, a" hp (ay ai) pla’; a; ‘ad 
(by Bap B rpg jB ig By) 


=—, | | &(5,)6(5,)W(S,, 8, )z;'z3'ds,ds 
Paar aes el (p+b)"(+2(ptb)'y TW) Gant 14 17F2Z\"2 Le TA 2. AED 


(9) Where j 
m” al! 
[[E(e - pis, IF (- a” +at"s) 
jel jel ‘ 
9,(5;) = q p! Vi € {1,2} 
[J F(l-o? 46s) [J Pla! -a'’s, 
jem 41 jen” 
(10) 
— bY —(b+a)t Uy a be sl] grit (rth -+hy+2,k; -ky )(-1 ky), (+My .ky ),(1-v 1) 
amd LOTT | 2,8 | (crt +.k,)(0,1).(0,1) 
r=0 
n 2 
ule ays 
(5,,5)) = a i: (11) 


Ul r[a- Sats Ir n+ LBs } 


j=n,+1 j=l 


2. MAIN RESULT 


Theorem: Each of the integral equation 


=Ay “T (D+a)"(D+a+b)” fu )| gna 


ae 
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0,0:2,11,1 | 2, (t-wy 
102,241 Bue 


(rth ty +2aky ake )C1—¥y Da (L+H ky )s-v2 oD) | 
2th +1, ),(0,1),(0,1) 


fid= By” [[(D+a)'(D+a+b)" gu) eer 


0,0:2111} z(t-wy™ 
x 1,0:2,2:1,1 | a(t-u)y 2 


(rth +h's +2ak sky ey DC ky vo | 
(rth! +14, ),(0,1,(0,D 0 


In the solution of the other, provided 

m+n, =h +h'+2,m,+n, =h, +h',+2 

ABI (vy, Fv, )P(-, P(-¥,) = 1,2 > k, > k, > 0 
f(0) = f (0) =...= f” (0) =0, f” (t) is continuous 
f(0)= f (0) =...= f” (0) =0, fF” (£) is continuous 
g(0) = g (0) =...= g" (0) =0, g"(£) is continuous 
2(0)=g'(0)=...=g” (0) =0, g (1) is continuous 
m,,M,,N, and N, are integers. 


D represents differentiation with respect to U and 


a f(u)= | pune a 


2.1. Proof 


Let L{ f (t)} = F(p) and L{g(t)} =G(p) 
Using (2) and (7) 


Using (4) in (7)and (1) 


roe [i+ ap]" Pe,yp+by™[1+z,(p +b)" |” 


t 
hy il —k, | d-»,.),d+h, =b(t= 
= furl 1 aaa Cy)” 
0) 


11 ky | d-vy 1), +h, ,k2) 
A asaya ay 
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t 


_ bt [hy hl —k, |(-v,1),+h.k,) | bu hy 
RHS.=e fu py Ez es we Je (t—u) 
0 


re EG — uy” 


(1-05 ,1),(+hy sk) 
Oi |du (16) 
Now expand e” and put u = fV to get (16) in the form: 


0 b’ 1 
=_ —bt pr+h +h) +1 Ay+r fy 7A -k,, —-k, | d-v,,1),(+/,,.4,) 
R.H.S. =) = 7 fv i (l-v) 1 gu iy" on  »Ky | 
r=0 T+ 0 


[area 


(1-v,1),(1+hy ,k>) 
(0.1) lav (17) 


Now evaluating (17) using (8) to get R.H.S. 


SD te arth 2k: vA 
= a hy +] 7 0,0:2,111] at (rth, +h +2,k, ky ),(1-, k, ),(+h, .k, ),(I-v> 1) 
as ym peed 1,0:2,15,1 : rh trite 0.1).(0,1 oe (18) 
r} 2 
r=0 ‘+ 
Using (1) and (18), we get 
7 fe 1 
Po(p+ay | L+z(p+a)p' | 'To,)(p+a+by*|1+c,(p+a+b)” | (a9) 
Using (4) and (19) the integral equations (12) and (13) become 
G(p) = APY, )(p +a)" (p+a+by"*™ F(p)[1+ z(p+a)p* |” 
eae (20) 
T0,)[1+z,(p+atb)® | ° 
F(p) = BE(-y)(p +a)" (p+atby"*" G(p)[1+2,(p +a)p" |" 
(21) 


T(-v,)[1 +z,(pta+b)"® ii 
The equations (20) and (21) can be obtained from each other when 
ABV, P,P (1) (,) = 1b 
m, +n, =h, +h';+2andm, +n, =h, +h',+2 


Hence by Lerch’s theorem (1962), it follows that each of the integral equations (12) and (13) is the solution of the other. 


3; OPECIAL CASES 


In the theorem put k, 1, k, k, Vv, =V,Z, = Zand make Z, > Oto get the following result involving I -function of one 


variable. 


Each of the integral equations 
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d=ALT “il (D+a)"(D+a+b)" fu) eer" (t-uy 


xE3| e(t—u) 


(rth, +h; +2,k):—v,1),+h, ,k) 
wrth, +1,k),(0,D |au 


And 


o prt 


f()=BY —|[(D+a)"(D+a+b)" gu Jer e—wrr" 


x2! EG —uy* (rth! +h'y +2,k):0-+4v,1),+h ke) ] dil 


(rth! +1,k),(0,) 


In the solution of the other, provided the conditions of Theorem are satisfied with 


ABT (v)T'(-v) =1, and2>k >0 


When fh, =a,h', = B,h, =h', =-1,m, =m,n, =n,m, =n, =Oand b > 0, (22) and (23) reduces to: 


Each of the integral equations 
E 

g()=Al[(D+a)" fw) Jernr'@-u) 
0 


a be EG u)* 


kK): " Idu 


And 


f= aff +a)" g(u) Je" (tu)? 


x1 e(t—u) 


—k | (1+ 8,k):(+v,1) 
(0. |du 


is the solution of the other, provided 


Mand nare integersm+n=2+a+ Pp 
f(0) = f (0) =...= f'"(0) =0,and f(P)is continuous when m > 0 


g(0)= ¢ (0) =...= g" (0) =0, and g"(t) is continuous when n > 0 


ABI (vy) (-v)=1, Red+a+kv)>0,2>k>0,Re1+ B—kv) >0 


= (du 


0 


putt 
du D 
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(23) 


(24) 


(25) 
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1 au f au 
5a, fre J FWwe du 


(24) and (25) agree with the result given by Nair (1986). 
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